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This paper demonstrates the calculation of airfoil trailing-edge noise fromdetailedmodels of the turbulent velocity

fluctuations in the trailing-edge boundary layer. Velocity fluctuations are specified in terms of a set of statistically

independent modes, each of which can be used independently to initiate a model for the convection of vorticity past

the trailing edge. The acoustic radiation from each mode can then be computed, and the statistics of the far-field

sound can be obtained from the independent sum of each modal contribution. Details of the approach are provided

and a sample calculation is performed using proper orthogonal modes obtained from a direct numerical simulation

of a turbulent boundary-layer flow. Comparison with experimental data shows the resulting noise predictions to be

reasonably accurate. An analysis of the prediction shows thatmost of the noise is produced by large-scale streamwise

velocity modes in the bottom 10% of the boundary layer.

Nomenclature

an = stochastic random variables
Cij = velocity cross spectrum
co = speed of sound
Ex� � = expected value
k = magnitude of wave number jkj
k = wave number vector
L = wetted semispan
Mo = Mach number of the flow outside the boundary

layer
Mv = Mach number of the local flow
Mw = W=co
Mor,
Mvr,Mwr

= components of the Mach numbersMo,Mv, and
Mw in the direction of the observer

p�x; t� = fluctuating pressure
Q = source term, units of velocity squared
q = vorticity of unsteady flow
re = propagation distance from source to observer
Spp = far-field sound spectrum
si = unsteady velocity integrated over the span
T = averaging time
t = time
U�y�,
Ui�y�

= mean velocity

u�y; t�,
ui�y; t�

= velocity perturbation u� v � U

V�y2� = mean convection velocity in boundary layer, V �
U1�y2�

v�y; t�,
vi�y; t�

= total velocity v� U� u

W = mean convection velocity in wake
x, xi = position vector of observer
y, yi = position vector of source
� = observer angle in the x2, x3 plane
� = observer angle from the x1 axis
��n�! = variance of an
�o = density
� = W=V�y2�
� = mean vorticity
! = angular frequency

I. Introduction

M ANY approaches have been used to define the mechanisms of
trailing-edge noise. For example, Ffowcs Williams and Hall

[1] derived a theory based on the solution to Lighthill’s wave
equation, using a Green’s function, which allowed for the scattering
of flow noise by a semi-infinite half-plane. Amiet [2,3] derived a
trailing-edge noise theory based on the scattering of airfoil surface
pressure fluctuations produced by turbulent eddies as they convect
past the trailing edge. In contrast, Howe [4] reformulated the acoustic
analogy so that edge noise could be related to the vorticity in the
boundary layer. He identified the importance of applying the Kutta
condition and considered how individual vortex elements convect,
causing vortex shedding at the trailing edge. These studies [4] have
shown that the modeling has a significant impact on the predicted
levels of radiated sound. Howe [5] also reduces his theory to a form
which relates the blade surface pressure spectrum to the acoustic
field, and has applied this to broadband noise calculations.

The turbulent boundary layer has a stochastic nature that con-
founds simple analytical treatment. As a consequence, the measured
blade surface pressure spectrum (Howe [5], Glegg and Jochault [6])
has become the preferred input for calculations of broadband trailing-
edge noise. However, to achieve a better understanding of the
mechanisms involved, models based on the boundary-layer vorticity
and its evolution past the trailing edge are very attractive. Recent
developments in the application of proper orthogonal decomposition
to aeroacoustics give new insights into the structure of turbulentflow,
which can be applied to this problem [7–10] and have allowed the far-
field sound to be related to an optimal modal decomposition of the
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turbulent flow. Using this approach, the turbulence can be described
in terms of a set of statistically independent velocity modes, each of
which can be used independently to initiate a model for the
aeroacoustic source terms. The calculation of the acoustic radiation
from each mode can then be computed, and the statistics of the far-
field sound can be obtained from the independent sum of each modal
contribution (Glegg and Devenport [7]). In this paper, details of a
calculation are provided that demonstrate how data from a direct
numerical simulation (Moser et al. [11]) of turbulent boundary-layer
velocity fluctuations can be used to calculate far-field trailing-edge
noise. The results of this calculation are compared with experimental
measurements of noise from an isolated airfoil in a wind tunnel by
Brooks et al. [12].

II. Trailing-Edge Noise Modeling

Consider a boundary layer flowing over the trailing edge of a flat
plate with the coordinate system shown in Fig. 1. The mean flowwill
be assumed to be two-dimensional with no flow along the edge, and
so U� �V�y2�; 0; 0�. Following Howe [4], it is assumed that the
vorticity is convected by the localmeanflowand remains undistorted
in the vicinity of the edge. In addition, there is vorticity shed into the
wake, which is convected with the wake convection speedW, and its
strength is determined by the application of the Kutta condition.
Howe [4] gives the acoustic far field for an observer atx in the x3 � 0
plane as

p�x; !� � �o sin��=2�ei!�re�x1Mo�=co

i!re�1�Mor��1 �Mwr�

�
Z 1
0

�������
Mv

p
�1 � ��Q�k; y2�e�j!jy2=V�y2����
2
p
�1 �Mvr��1 �Mv�1=2

dy2 (1)

where Mo �U=co is the Mach number of the flow outside the
boundary layer, Mv � V�y2�=co is the Mach number of the local
flow, W is the mean convection velocity in the wake, and
Mw �W=co. The Mach numbers Mor, Mvr, and Mwr are the com-
ponents of the Mach numbers in the direction of the observer. The
coefficient � determines the effect of the Kutta condition and is
defined as � �W=V�y2�. The source term Q is given by

Q�k; y2� �
1

�2��2
Z 1
�1

Z 1
�1

k 	 �q � U�t�0e�ik1y1�ik3y3 dy1 dy3

k� �!=V;�ij!j=V; 0�
(2)

where q is the vorticity of the unsteady flow. Howe’s [4] result can
be extended to include the effect ofmeanflow shear by adding� � u
to the term in square brackets. Assuming that the turbulent velocity
fluctuations in the boundary layer are well modeled at low Mach
numbers by an incompressible flow represented by u�L� gives

Q�k; y2� �
1

�2��2
Z 1
�1

Z 1
�1

�
�ij!j�3u

�L�
1 � !�3u

�L�
2

V�y2�

� ij!j
�
@u�L�2

@y1
� @u

�L�
1

@y2

��
t�0
e�ik1y1 dy1 dy3 (3)

Assuming the turbulence is frozen and convects with the mean
flow, evaluation of the integral over y1 at fixed time is equivalent
to an integral over time at a fixed location y1 � d. This implies that
the change in eddy motion is small compared to the eddy speed.
Thus,

Q�k; y2� �
�1
�2��2

Z 1
�1

Z 1
�1

�
��3�ij!ju�L�1 � !u

�L�
2 �

� ij!j
�
� @u

�L�
2

@t
� V�y2�

@u�L�1

@y2

��
y1�d

ei!t dt dy3 (4)

It is convenient to introduce a spanwise integral of the unsteady
velocity si�y2; !�, which is a random stochastic variable defined as

si�y2; !� �
1

2�L
lim
k3!0

Z
L

�L

Z 1
�1
�u�L�i �y; t��y1�dei!t�ik3y3 dt dy3 (5)

where 2L is the wetted span of the plate, and the integral over
y3 is the wave number transform of the velocity perturbation
across the span, evaluated at zero wave number. Equation (4) then
becomes

Q�k; y2� �
L

2�

�
�3�ij!js1 � !s2� � ij!j

�
i!s2 � V�y2�

@s1
@y2

��

(6)

Defining the far field by using Eq. (6) in Eq. (1) reveals how the
source term can be calculated directly from the velocity spectrum
of the unsteady flow. In a potential mean flow, this calculation
only depends on the unsteady vorticity, and so has the advantage
that acoustic perturbations in the unsteady flow are eliminated.
However, the evaluation of derivatives of the unsteady flow can
cause numerical error, so if Eq. (4) or Eq. (6) are used in Eq. (1),
integration by parts may be the correct approach to minimize
numerical error in the evaluation of the integral over y2. If it is
assumed that there is no mean shear, then the integration is
straightforward and gives

p�x; !�


 � �o sin��=2�e
i!�re�x1Mo�=co

i!re�1�Mor��1 �Mwr�

�������
Mv

p
�1 � ��j!jL

2�
���
2
p
�1 �Mvr��1 �Mv�1=2

�
Z 1
0

�ij!js1 � !s2�e�j!jy2=V�y2� dy2 (7)

III. Far-Field Spectra for Broadband Noise

To evaluate the far-field sound spectrum, it is assumed that the

velocity fluctuations u�L�i are a statistically stationary process with a
two-point correlation function between velocities at y and y0, defined
as Rij�y; y0; ��. By taking the Fourier transform of the cross-
correlation function with respect to time, the cross-spectral density
Cij�y; y0; !� is obtained. This can be used to specify the proper
orthogonal modes of the flow as the solutions to an eigenvalue
problem (see Glegg and Devenport [7]).

Using this approach, the spanwise integral of the unsteady velocity

can be expressed as the sum of a set of orthogonal modes s�n�i �y2; !�
as

si�y2; !� �
X1
n�1

an�!�s�n�i �y2; !� (8)

where the coefficients an are a set of uncorrelated stochastic
random variables with zero mean and for which the variance is

equal to ��n�! .Fig. 1 Coordinate system used in the analysis of trailing-edge noise.
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The modes are defined by the solution to the eigenvalue problem

1

R

Z
R

0

C�1�ij �y2; y02; !�s
�n�
j �y02; !� dy02
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T
��n�s s

�n�
i �y2; !� with C�1�ij �y2; y02; !�

� �

TL2
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�L

Z
L

�L
Ex�u�L�i �y2; y3; !��u

�L�
j �y02; y03; !�� dy03 dy3

� �

TL

Z
L

�L
Ex�u�L�i �y2; 0; !��u

�L�
j �y02;�y3; !�� d��y3� (9)

where T is the averaging time used in the statistical estimate, and the
calculation has been simplified by assuming that the flow is
homogeneous in the spanwise direction.

Using Eq. (8) in Eq. (1) gives the acoustic pressure as

p�x; !� �
X1
n�1

an�!�p�n��x; !� (10)

where

p�n��x; !� � �o sin��=2�ei!�re�x1Mo�=co

i!re�1�Mor��1 �Mwr�

�
Z 1
0

� �������
Mv

p
�1 � ��Q�n��k; y2�e�j!jy2=V�y2����
2
p
�1 �Mvr��1 �Mv�1=2

�
dy2 (11)

and the source term is defined as

Q�n��k; y2� �
1

2�

�
�3�ij!js�n�1 � !s

�n�
2 �

� ij!j
�
i!s�n�2 � V�y2�

@s�n�1

@y2

��
y1�d

(12)

The two-sided spectral density of the pressure fluctuations in the
acoustic far field can then be obtained as

Spp�x; !� �
�

T
Ex�jp�x; !�j2�� �

T

X1
n�1

��n�! jp�n��x; !�j2 (13)

The advantage of this approach is that the noise generation associated
with eachmode can be identified and related to specific regions of the
flow. In the following sections, this procedure is demonstrated and
the new insight it provides is discussed.

IV. Modeling the Flow

To perform a noise calculation requires knowledge of the two-
point cross spectrum of the turbulent boundary-layer velocity
fluctuations passing the trailing edge. To provide this information
with the minimum of empirical input requires a direct numerical
simulation (DNS) solution of the flow. A noise calculation based on
such a solution provides a means to validate the noise model and can
give some physical insight into those aspects of the flow that aremost
responsible for producing the noise.

The source terms for a noise calculation have been extracted from
the DNS solution of Moser et al. [11]. This solution is for a fully
developed two-dimensional channel flow boundary layer at a
Reynolds number of 590, based on the channel half-height and
friction velocity U� . Channel flow simulations are available to
higher Reynolds numbers than external boundary-layer simulations
because a straightforward temporal solution can be performed using
periodic grids in the streamwise direction. It is generally accepted
that channel and external boundary-layer flows are similar in the
inner region [13]. There are differences, of course, in the outer part of
the layer and on scales of the order of the boundary-layer thickness
[14]. In the inner region, recent work byMonty et al. [15] has shown
that the characteristic spanwise lengthscale of structures in the near-
wall region of a channel flow is about 1.6 times that in a boundary

layer. This difference should be kept in mind when interpreting the
present results.

The solution of Moser et al. [11] was calculated on a grid con-
sisting of 384 equally spaced streamwise positions, extending over a
length of 2��, and the same number of spanwise points equally
spaced over a distance of ��. A total of 257 points were distributed
according to a cosine function in the normal-to-wall y2 direction,
with the greatest resolution at the two channel walls. Figure 2 shows
mean velocity and turbulence kinetic energy profiles at the computed
resolution. The grid spacing is about half a wall unit at y� � 1, and
there are 36 points within the bottom 10% of the channel half-height.
These results have been previously analyzed by a number of workers
(see references in Moser et al. [11]) and are an AGARD test case for
the validation of large-eddy simulation solutions (Jimenez [16]).

Some34 snapshots of the instantaneous velocityfield of theflowat
the computed resolution, Fourier transformed in the streamwise and
spanwise directions, were provided by Moser et al. [11]. The
snapshots represented irregularly spaced time intervals and thus
could not be used to directly infer time delay correlations or fre-
quency spectra. Instead, the Fourier transformed velocity fields were
multiplied and averaged to yield the two-wave-number cross
spectrum of the flow,

�ij�k1; y2; y02; k3� �
�2

LxLz
Ex�u�i �k1; y2; k3�uj�k1; y02; k3�� (14)

where Lx and Lz are the half-length and half-width of the com-
putational domain. To make this calculation practical, the cross
spectrum was only stored for every fourth y2 location over half the
channel height and for a roughly exponentially distributed set of
wave numbers in the streamwise and spanwise directions. The
exponential distribution preserved the wave number resolution at the
lowest wave numbers as well as three-quarters of the wave number
range with a 10:1 reduction in the number of wave number values.
The resulting interpolated data set appeared to resolve all the
statistical features of the original data. Applying Taylor’s hypothesis
to relate streamwise wave number to frequency, that is, setting
!��Vck1 where Vc is the mean boundary-layer convection speed,
the spanwise-averaged cross spectrum required for Eq. (9) was
obtained from �ij as

C�1�ij �y2; y02; !� �
2�

LVc
�ij�!; y2; y02; 0� (15)

where, as before, 2L is the wetted span of the trailing edge. The zero
wave number velocity modes of Eq. (9) were computed using a

standard matrix decomposition routine. For this computation, C�1�ij
was linearly interpolated to a 100 � 100 point grid of evenly spaced
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from the DNS simulation of Moser et al. [11].

GLEGG, DEVENPORT, AND SPITZ 1545



�y2; y02� values extending from the wall to the boundary-layer edge.
(Grid independence was established by repeating calculations on
200 � 200 and 400 � 400 point grids.) The computed eigenvalues
and mode shapes were then used in a straightforward manner to
compute the source terms of Eq. (12) and the acoustic pressure terms
of Eq. (10) for each mode at each frequency. The derivative
appearing in Eq. (12) was computed by first-order central difference.
The integral in Eq. (10) was computed as a simple summation. The
mean velocity and vorticity distributions required in Eq. (12) were
obtained from reduced data files provided with the DNS solution. At
every stage of this calculation (the computation of the velocity
modes, the corresponding source modes, and the integrand of the
acoustic pressure terms), the first four modes were plotted at every
frequency and examined to verify adequate resolution and the
absence of other numerical problems.

V. Comparison with Experiment

To complete the DNS-based calculation and provide a basis for
comparison, a test case for the noise prediction was chosen from the
study of Brooks et al. [12]. Specifically, run 295 of their study was
chosen, which is for a tripped 0.1016-m chord, 0.457-m span
NACA 0012 airfoil at zero angle of attack in a flow of 39:6 m=s.
Being tripped and at zero angle of attack, the trailing-edge boundary
layers are presumably fully turbulent and symmetric, and the trailing-
edge boundary-layer thickness Reynolds number U1�=	 is close to
15,000. This is quite a good match to the DNS, for which the
equivalent Reynolds number is almost 13,000.

Brooks et al. [12] present far-field noise spectra for an observer
positioned perpendicular to and 1.22 m from the trailing edge at
midspan (�� 90 deg, re � 1:22 m). The density and sound speed
were taken as 1:1 kg=m3 and 340 m=s, respectively. The trailing-
edge boundary-layer thickness (needed to scale theDNSmodes) was
taken as the measured value of close to 5.7% chord. The wake and
average boundary-layer convection velocitiesW and Vc were taken
as 0:6U. Predictions were doubled to account for the boundary layers
on both sides of the trailing edge.

Single-sided one-third octave band sound pressure level (SPL)
spectra are presented in Fig. 3. Noise predictions based on the DNS
source terms are compared with Brooks et al.’s [12] measured
spectrum and curve fit starting at the lowest frequencies resolved in
the DNS. It is important to emphasize that the predictions presented
in Fig. 3 involve no empirical information connecting the boundary-
layer properties to the far field or to the unsteady pressure around the
trailing edge. Given this, the predictions come surprisingly close to
the measurements. For frequencies over 3 kHz, the predictions are
within 3 dB of the measurement and curve fit. There is even some
suggestion that they reproduce the change in slope of the measured
spectrum between 5 and 6 kHz.

At most points below 3 kHz, the predictions lie about 5 dB below
the measurements. There may be a logical explanation here. The
first four spectral points in the prediction are at frequencies that

correspond to the longest streamwise lengthscales computed in the
DNS, with wavelengths of 2�=�, �=�, 2�=3�, and �=2�. These are
the wavelengths that will be most affected by the periodicity
condition used in the DNS and that would also be least representative
of the turbulence in an external boundary-layer flow.Whether or not
this is the explanation, it is interesting that such low-frequency
boundary-layer motions contribute to the noise peak.

One possible shortcoming of the prediction based on DNS source
terms is the arbitrary nature of the choice of convection speed in both
boundary layer and wake and the related applications of Taylor’s
hypothesis. Figure 4, however, shows that this may not be a big
factor, especially at frequencies above 2 kHz. Spectra predicted
using convection speeds of 0:4U, 0:6U, and 0:8U are compared here.
Changing the convection speed of course changes the frequency
associated with the DNS source terms but, despite this, has a
surprisingly weak effect on the level and shape of the spectrum.

VI. Noise Contributions

The realism of the prediction based on the DNS source terms
provides some justification for decomposing the predicted noise
levels to reveal those features and parts of the boundary-layer flow
that contribute most to the far-field noise. Three different decom-
positions are considered here: by the terms contributing to the total
sourceQ�n� in Eq. (12), by the proper orthogonal mode numbers, and
by location in the boundary layer.

Consider the four terms comprising the right-hand side of Eq. (12):

i�3j!js�n�1|�����{z�����}
term1

��3!s
�n�
2|����{z����}

term2

�j!j!s�n�2|����{z����}
term3

�ij!jV�y2�
@s�n�1

@y2|�����������{z�����������}
term4

(16)

Terms 1 and 2 represent contributions from streamwise and normal
to wall velocity fluctuations. Terms 3 and 4 represent the con-
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tributions of these velocities to the spanwise vorticity fluctuation.
Figure 5a shows the noise predicted separately from each of these
terms compared with the total noise. Note that the contributions from
the terms do not add to the total because the cross products between
them, which result from the squaring that occurs in Eq. (13), are
not included. The magnitude of these terms is shown in Fig. 5b.
Figure 5a shows the streamwise velocity terms 1 and 4 are the
dominant contributors. The normal-to-wall velocity term 2 is
negligible (despite the large mean vorticity) and the associated
vorticity term 3 is only a small contributor. The cross terms are small
but there are nonnegligible contributions from the products between
terms 1 and 4, 3 and 4, and 1 and 2.

Figure 6 shows contributions to the noise from the five most
dominant modes at each frequency. Note that the modes at each
frequency are ordered by the magnitude of their contribution to the
noise, and thus the decay with increase in mode number is
guaranteed. However, it is interesting to note that this ordering is not
much different than that based on the eigenvalues of the cross

spectrum C�1�ij . That is, the dominant modes of the cross-spectrum

function tend also to be the dominant noise producers. Figure 7
shows the cumulative contributions to the overall sound pressure
level from the modes. This plot shows that only the first five or six
modes at each frequency are needed to give an overall SPL within
1 dB of the total predicted level.

Figure 8 shows the predicted noise spectrum divided up by
location in the boundary layer. The figure shows the noise spectra
predicted when the integration in Eq. (10) is carried out over slices
one-tenth of the boundary-layer thickness in size. Note that the sum
of the contributions is not quite the total noise because the division
does not include the cross products between the contributions,
which arise from the squaring in Eq. (13). These cross products
are negligible except at the lower frequencies (<4 kHz). Here,
contributions are in most cases positive for adjacent locations but
negative for positions separated by 20–30% of the boundary-layer
thickness.

Overall though, it is clear that the bulk of the predicted noise
results from source terms lie in the bottom10%of the boundary layer.
Mathematically, this is because of the dominance of the exponential
weighting function in the integrand of Eq. (10). Physically, this result

(when combined with our earlier discussions) implies that the
trailing-edge noise is primarily the result of large-scalemotions in the
near-wall region of the boundary layer. It is these motions that would
therefore have to be captured by any fluid dynamic model used to
provide velocity correlations for the purpose of computing trailing-
edge noise using the present method.

VII. Conclusions

Anewprocedure for calculating trailing-edge noise from an airfoil
by using detailed models of the turbulence in the blade boundary
layer has been presented. The method has been applied to the
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calculation of the noise produced by an isolated airfoil by using
source terms extracted from the results of a DNS calculation.
Comparison with experimental data shows the resulting predictions
to be reasonably accurate, the largest discrepancies (�5 dB)
occurring at frequencies where the DNS results are least applicable.
An analysis of the prediction shows thatmost of the noise is produced
by large-scale streamwise velocity modes in the bottom 10% of the
boundary layer. About six modes at each frequency are needed to
predict most of the noise produced.

Overall, the most important result of the present work is the
predictive link it establishes between trailing-edge noise and modes
of the turbulent velocity field near the trailing edge. This eliminates
the need to estimate the surface pressure spectrum for trailing-edge
noise calculations and relates the sound radiation directly to
derivable flow parameters.
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